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ABSTRACT

A new Lyapunov function is constructed for a general n-machine
power system with non-zero transfer conductance. The theory of
dissipative dynamic systems is used and the procedure calls for

checking positive definiteness of a sparse matrix Q. In this paper we
report the results only for the case of non-uniform damping which is
more complex than the uniformly damped system. The procedure is
iterative and may fail to converge for very small damping and strong
interconnections. The Lyapunov Function is a quadratic term plus a
weighted sum of integrals a form not reported before. This is an
extension of the previously reported [2] quadratic Lyapunov
function.

1.  Introduction

This paper reports a successful procedure to construct Lyapunov
functions for a multimachine power system, with transfer
conductances included, using dissipative systems theory [5] for
large-scale interconnected system [4]. The stability test consists in

testing a sparse matrix Q for positive definiteness. The derived
Lyapunov Fucntion, a quadratic term plus a weighted sum of
integrals of all the non linearities is of a form not found in the
literature to date.

Araki et.al.[7] and Jocic et.al.[8] derived Lyapunov functions with
only (n-1) integral terms for an n-machine system. The method in
[7} works only for the uniformly damped power system. There is
an extension of [8] for the nonuniformly damped system. The
method presented in this paper gives a larger region of stability and
less restrictive conditions on system parameters for the existence of a
Lyapunov function. All the attempts to derive a Lyapunov function
in the manner of Aylett, with path independent integral terms, have
failed [10], although there exist some approximate methods [1],[11].
To obtain better results we manipulate system equations to get the

results for some sector [0,k], k = diag (k;) and o < k; < 1. This
manipulation is possible because we decompose the system into
small subsystems so the computational requirements increase only
linearly.

The paper is organised as follows: Section 2 discusses the problem
formulation and Section 3 introduces the dissipative systems theory
for interconnected systems. Section 4 introduces an n-machine
power system first and then gives a step-by-step procedure to
construct a Lyapunov function. Section 5 demonstrates the
procedure using a numerical example and Section 6 concludes the
paper. In this paper we have discussed power system with non
uniform damping only. The case of uniform damping being easier
of the two is omitted and can be found in reference [3].

Dynamical Sys
We will study the stability of the following system (1a) and (1b).

The system (1) is an interconnection of m linear subsystems (1a) and
m2 + 2m nonlinear dynamic subsystems (1b).
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X=x;+P(z;-z), zFjand k=m(i- D +]

X+ Bz, k=m(i-1+i
Yeem = x+ Bz, k=m2+j

X+ Pz, k=m?’+m+]j
- n=m+1

- A, bjj are positive constraints

- each of the m2 + 2m nonlinearity yij(-) lies in some sector
[0,k].

The system (1) is obtained by using the multiplier (s + B) along with
the following system (2). It can be shown that the stability of
system (1) implies the stability of system (2). The use of multipliers
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to enhance the applicability of theorems giving the stability limits for
nonlinear systems is well known [5].
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In this section we use the results of the dissipative systems
theory[4],[5] to arrive at the criterion of stability for the system (1).
Briefly stated the dissipative theory is used to derive an energy
storage function, for a given dynamic system, which under certain
restrictions can be used as a Lyapunov function. The stability
criteria reported in[4] give conditions on the interconnection of a
large scale system such that a weighted sum of the subsystem energy
functions give a Lyapunov function for the overall system. Here we
do not repeat the various proofs given in [4] and [5), instead we
state only the claim as is relevant to our problem.

Claim 1
The system (1a) is (Q;,5i,R}) dissipative for

(o]
ar

Ty
(o]

Q,=-0a, s;=[ap,;~ o.B,]s Ri=[

]

If there exists a positive definite matrix P; matrices Lj and W;
satisfying the following equation (3). The storage function

B(X,) =%,P %,

PA+ ATPi = Ci;Qici - LiLT‘\
PB,= C:(AiDi +S1i.) -LwW,
R,+SD,+ D[S, +DQD,= W,W,

3)

Where subsystem (la)fori=1,...m has

the system matrices {A,B,,C.,D;} and it =[X, Xp» 2]

Proof Refer [S].
Claim 2

If the function fi() lies in the sector [0k}, where k>0, then the
subsystem

ok=—ﬂsk+uk

Y= f(w)
is(-or aiB‘. +0) dissipative, for any 0. >0 and Bi 2 Py

L
The storage function is @(c,) =208 J f (c)do
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Proof Refer [5]

The Claims 1 and 2 give us the storage functions for each m linear
subsystem (1a) and m2 + 2m nonlinear dynamic subsystem (1b)

respectively. The overall system (1) can be obtained as a linear
interconnection of

() m - linear subsystems (2a),

(i) m?2 + 2m nonlinear dynamic subsystems (1b)
let  yT =[y1,.¥m¥Ym+1,...ym2+3m]
uT = (112,812, 8m 1,Um28m+ 1re - Um 24 3m)

and u =-Hy specify the linear interconnections to get the
composite system (1). H is called the interconnection matrix.

We go through the following steps to check for stability of an
interconnected system.

Step 1 Use Claim 1 to get (Qj Si,R;) for all the m linear

subsystems (1a).
Step2 Use Claim 2 to get (Q; Si.R;) for all the m2+2m

nonlinear dynamic systems (1b).
Step3 Define

A - 2

Q A= diag (Q1,-.-,Qm*+3m)

S =A diag (Sl»~---sm2+3m)

R = diag (R1,....Rm2+3m)

A

Step 4 Using the interconnection matrix H define the matrix Q
as

6 = SH + HTST-HTRH-Q

and check if Q is a positive definite matrix.
Step 5 If Q is a positive definite matrix then the system (1) is

stable

2
m +3m

and B() = 2B (X)
i=1
is a Lyapunov function.

IQisnota positive definite function start again from
Step 1 choosing different set of dissipativity parameters,

Note that if a subsystem is (Q;,S;,R;) dissipative then it
is also (o Q;,0iSi,%R;) dissipative for all a,>0.
We call ¢ the scaling factors. There are no set guidelines to choose
a's, but we choose them in such a way as to increase the chances of
) being positive definite. One possible choice is to select the scaling
factors so as to cancel as many as possible off diagonal terms of 0.

In the next section we see how these results can be used to obtain
stability regions for power systems.




4 Multimachine P S

In this section we derive the Lyapunov function for a power system
with transfer conductances and non-unifrom damping. We use the
formulation of section 2 and the method of section 3

Using the standard nomenclature [6] we can represent the ith
machine of an n-machine system as
MJ, +d,5,+ ’2{ EEY [sin(3,+0)
jEi

-sin (8,+0©,)1=0
for i=1L42..,n. 4

Define the state variables as

X, éi i=1..,n

28, -5, i=L..m
n-1

£5,-3,

e qe

z
m
5 n
The state space representation of system (4) using the above defined
state variables is
x,==-Ax,+u;, i=1..m

X, = —Ax,+u,
Z;

=X~ X,

u,=-b, [sin(z,+3, +0,) -sin(3, +6,)]

here ; b,[sin (z,-z;+ 8+ D) —sin (8, +6,)]
jki

U=~ anj[sin (zj - (8..,- + Gm)) + sin (Sm. + an)]
=1

after a simple algebraic manipulation the above set of equations can
be written as

xi=_7,ixi—u, z.+u i=12,..m

ili il
e AT RAT)
Cex -
475

&)

where
u,=b, [sin(z,+8,+©, )-sin(5, +0,) -e,z]
- ,ST b[sin (z,~z;+ 8, + ©,) ~sin (8, + ©,)]

jki

u,=b[sin(z,~ (3, +©,)) +sin (3.,+0,)- €,2,]
+ 2, b [sin(z,- (3,+8,)) +sin (8,+6 )]

j=t

ik

where

o<sg <1
0<g, <1
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with

p,=b, €,
and

Hip=b,8p

We can see that system (5) is a special case of system (2), where
Wij(-) are the various sinusoidal nonlinearities. This being the case,

we now give a step-by-step procedure to construct the Lyapunov
function of system (5).

Step 1 The system matrices for the ith linear subsystem are

i=1,.m

-A, 0o -,

i 10
A=l o =k By Bi=[° 1:|

1 -1 o 00
c,=[1 -18lD =0

for o0<g;,€,<1

a, =+,
biShyt iy +AA,
c,=e, b A +e, b A,

i2 7 n Ui

let
then choose €1, and €j» such that

a2 - 2b> 0

(ai2 - 2by) (b2 - 2ai ¢i) - ci2 > 0

initial choice can be gj; =€2=0.9

B= ﬁ:xi/n

i=1

1 B+, BA,
By > max 2(7"1 - B), 2(}"nbi+Bba_ a,fA, - Ci),z_ci

I B+ BA,
B, > max N L —
i 2(A, - B) Z(Xib.‘+[3bi—aim.i—cl) 2C,
such that Bi1An=Bi2Ai
i1, 12 = 0.1
Now solve for the symmetric positive definite matrix P; the matrix
equation (3). If the matrix equation (3) does not have a solution for
the chosen value of (ri1,1i2), we have two options
(@) increase the value of (fil.Ti2)

(b) increase the value of (gj1,€12)

and then solve (3). In the case where equation (3) has a solution,
the ith subsystem is

eten-enaf 2 o)




with the storage function
xTP X
2;(%5) = %Pk,

Note that the large values of rj1,ri2,€i1.€i2 ensure the satisfaction of
conditions put by Claim 1. At the same time large values of ri2 and

1i2 reduce the chance of Q being positive definite and the larger

€i1,€i2 are the more conservative the stability region is, so the idea is
to keep these parameters as close to zero as possible.

Step 2 Choose Bj, i = m+1,...,m2+2m

where the fi.m(°) is in the sector (0,kj-m)

Step 3 Scaling factors

Choose apf, =1 1=L..,m' .
oB,b, =0 By j=Le.mjfd
aiﬁilbi\ =ami+iBmi§i
aiB“b’* = am’-rmn m m+i

apb,=a,

. 2 .
m +2m+i m +2m+i

A
Step 4 Form the matrix Q = SH+HTST-HTR - Q as discussed
in section 3, check whether it is positive definite or note. If yes,
then step 5 gives the Lyapunov function, if not choose a different set

of i's, possibly larger than the previous one and restart at step 1.

Step 5 If Q is positive definite the Lyapunov function is given
by

m m m Gk
V= zl‘,ifpiii +2 Y 2ap, b, [ v, (o)

1=] =] j= o

i#k
m o, m S,
+X20,B,b, [y, _(0)do+ Y2a,B, b, [, (@)do
k=1 ° k=1 o 1
m 0‘.
+X.20,B,,b, [ ¥ (©)do
k=1 °
2. Numerical Example
Let us consider a 3-machine system with the following parameters in

per unit

M;=0.1,M2=0.1, M3 =40
E;,=Ez;=E3=10

Y12 =0.05, Y13 = 2.0, Y23 = 2.0
8°12=5°, §°13 =20, §°3 = -30

012=49,013=29,023 =10
A, =952 =10.0,13 =105

with these values we have

b12 = b1 = 0.5, by3 = b3 =20.0, b3; = b3z = 0.5
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choose B=5.0
e1=€2=05

using the procedure discussed in section 4 we get

B11 =0.244, 12 = 0.270
T11 = 0.1, ri2 = 2.1
B21 = 0.244 B2 = 0.256
121=01,r2=22

1
af,=ap,=10=0a=7-0,=

B11

l: 0.1836 —0.1697 1.2232 }
P =

L
Ba

-0.1697 0.1572 -1.1203
12232 01.1203 8.4888

-0.168  0.1619 -1.169

0.174 -0.168 1.221
P,z
1.221 -1.169 8.995

With the given values of €;'s the nonlinearities must lie in the sector

-3.1763 < z1-2p < 2.8275

-1.895 <z;,<1.782

-1.838 <z £2.005
The Lyapunov function V is found as reported in Step 5 of the
previous section. The critical value of V is obtained by minimising it

over the polygon formed by the above mentioned constraints.
Numerical optimization gives V¢r = 18.5187 at

x1 =-51.75, x2 = -42.23, x3 = -43.1371
zy = 1.7820, z3 = 0.1025

The region of stability is given by {%:V(%) < 18.5187}
Figure 1 shows the x1-z] cross section of the estimated region of
stability. :

’

Eig. 1 Region of Stability




6. Conclusion

A systematic procedure is given to construct a Lyapunov function
for general n-machine power system with transfer conductances.
Thq n-machine system is decomposed into smaller subsystems and
is first analysed at subsystem level then a composition is done to

study the overall system stability. This simple method and the use
of input-output stability concepts to choose suitable multiplier has
helped in constructing a new Lyapunov function. A numerical
example demonstrates the procedure. We obtain a region of stability
using this approach while many previously reported methods could
not produce any. A proper way to choose the scaling factors will
help in getting sharper results.
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